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A universal relationship between indentation hardness
and flow stress
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Abstract

A new indentation hardness (H) approach to evaluating the true stress (r)–true plastic strain (e) constitutive behavior of
materials is described. Extensive elastic–plastic finite element (FE) simulations were carried out to assess the relation
between H and r(e). The analysis led to derivation of a universal relation between H and r(e) given by H � 4.05(1–
34.6 rflow/E)rflow, where rflow = ry + hrshi, hrshi is the average strain hardening between e = 0 and 0.1, and E is the elastic
modulus. Experimental H–rflow data pairs for the large set of alloys are in reasonably good agreement with the model
predictions, but the experimental rflow are slightly higher and more linearly related to H than predicted. The H–rflow rela-
tion provides insight into the large variation of the H/ry ratios that are observed for different materials, as well as the cor-
responding variation in the DH/Dry ratios used to estimate Dry due to changes in an alloy’s condition, such as that induced
by irradiation, based on measurements of DH. Notably, combinations of tensile and hardness tests can be use to estimate
the average strain hardening from e = 0 to 0.1 in irradiated alloys that have very small uniform strains.
� 2007 Elsevier B.V. All rights reserved.
1. Introduction

Micro-hardness (H) measurements provide a
convenient, non-destructive means to evaluate the
strength of materials [1,2], as well as to characterize
strength changes, such as those due to irradiation
hardening. A large number of finite element (FE)
simulations of indentations and hardness have been
reported (e.g., [3–13]). However the relation of H to
more quantitative measures of true stress–strain r(e)
constitutive properties, such as the yield stress (ry)
and post-yield strain hardening (rsh), have remained
ambiguous, and to a large extent semi-empirical
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[11–13]. This is in large part due to the fact that H

intrinsically probes a wide range of e, hence, repre-
sents some ‘average’ measure of an effective flow
stress, r(e) = ry + rsh. The decomposition of r(e)
into ry and rsh, which is the appropriate physical
form as proposed by Kocks and Mecking [14],
provides a good basis from which to quantify the
H–r(e) relation. For a specified indentation geome-
try, from a continuum perspective the H–r(e) rela-
tion can depend only on ry, rsh averaged over
some undefined and perhaps variable e-range, E

(or the indenter and material modulus) and the fric-
tion coefficient, l. For example, in the case of a per-
fectly plastic material, the H/ry ratio would be
expected to depend only weakly on E and l. Fur-
ther, while indentations produce a large range of e
(�0 to 0.6), they are finite, and very small regions
.
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of high e would be expected to have little effect on
rsh [13]. Thus we carried out an extensive series of
finite element (FE) simulations of the relation
between H and the flow stress rflow averaged over
different e ranges for a very wide range of r(e) laws
to assess the possibility of obtaining a more univer-
sal master H–r(e) relation.
Fig. 1. Examples of the r(e) functions used in the FE analysis: (a)
experimentally derived curves and (b) analytical models. Note (a)
also shows the engineering stress strain curves, s(e).
2. Finite element (FE) modeling of indentation

hardness (H)

Cone indentations were simulated using the gen-
eral purpose FE code ABAQUS [15]. The FE simu-
lations accounted for large strain geometry changes
experienced in indentation test and were based on J2

flow theory and normality requirements in the asso-
ciated flow rule. The cone indenter, with an angle of
68.2�, was treated as two-dimensional (z, r, symmet-
ric in h) rigid body. The two-dimensional half space
mesh had 3021 four-node quadrilateral axisymmet-
ric elements with 3232 nodes. The radial (r) and
depth (z) dimensions of the mesh were �50Dmax

and 20Dmax, respectively, where Dmax is the maxi-
mum penetration depth of the cone. The mesh was
refined in the area under the indenter and there were
more than 20 elements in the contact area under the
indenter at maximum load. The calculations were
carried out for a prescribed loading/unloading cycle
to a maximum load, P. Hardness, H, was calculated
as P/A, where A is the area of the permanent inden-
tation, pD2/4, where D is the diameter of the inden-
tation referenced at the plane of the undeformed
specimen surface. Test calculations were carried
out to demonstrate that H was independent of the
mesh size and a convergence study showed that
the meshes provided accurate results for displace-
ments and the pile-up profile. The H and pile-up
shapes are insensitive to friction coefficients
l P 0.2, which was used in the FE simulations.
The calculated H values are also insensitive to the
load P between 40 and 200 g.

One large set of simulations were carried out for
E = 200 GPa and analytical constitutive laws in the
form

rðeÞ ¼ ry e 6 ey; ð1aÞ
rðeÞ ¼ ry þ rsh

¼ ry þ rshm½1� expð�cðe� eyÞÞ� e > ey: ð1bÞ

Here, rshm is the maximum strain hardening and c a
parameter that describes the rate of approaching
saturation. The H were calculated based on Eqs.
(1) for a Luder’s-yield strain (ey = 0.005) and a wide
range of ry (100–850 MPa), maximum saturated
strain hardening levels (rshm = 125–500) and pre-
saturation hardening rates (c = 3–15). The calcula-
tions were also carried out for actual rsh(e) curves
derived from tensile tests on a large number of
alloys with a very diverse range of constitutive prop-
erties ranging from: (a) annealed stainless steels with
a low ry and a modest initial strain hardening rate
along with a high rshm; (b) tempered martensitic
steels with intermediate ry and a high rshm and
strain hardening rate; (c) TiNb which has a low
strain hardening rate. The materials modeled also
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included unirradiated and irradiated Mn–Mo–Ni
reactor pressure vessel (RPV) steels, simple ferritic
alloys, including some with very large Luders strain
regions up to ey � 0.1 and pre-strained materials.
Examples of the experimental and analytical r(e)
are shown in Fig. 1(a) and (b), respectively.
Fig. 2. The rflow = ry + hrshi versus H for a wide range of r(e)
from the FE simulations. The filled diamond symbols are for 3D
FE calculations for Vickers diamond pyramid hardness indenta-
tions. All others are for the 2D cone indentations.

Fig. 3. The calculated rflow/H versus rflow/E and the correspond-
ing fitting functions.
3. FE results and analysis

The initial FE calculations were done using
E = 200 GPa, pertinent to steels. The FE H ‘data’
for the various r(e) were analyzed by calculating
the hrshi between various lower (el) and upper (eu)
limits and fitting the corresponding rflow = ry +
hrshi versus H data with a function in the form

H ¼ C1ð1þ C2rflowÞrflow; ð2Þ

here C1 and C2 are functions of el and eu. The opti-
mum pair of eu and el was determined by minimizing
the standard deviation of the differences between the
H predicted by Eq. (2) to the corresponding H data
from the FE simulations for all the input r(e). Val-
ues of el � 0.0 and eu � 0.1 were found to give the
best fit and in this case the H–rflow relation, shown
as the fit line in Fig. 2, is give by

H ¼ 4:05ð1� 34:6rflow=EÞrflow: ð3Þ

This expression was originally derived for the set
of analytical input r(e), but Eq. (3) works equally
well for the experimental r(e). Fig. 2 also shows
three-dimensional FE simulations for Vickers dia-
mond pyramid hardness indentations (filled dia-
mond symbols). The corresponding rflow data are
slightly below the trend for the cone indentations
at the higher H. We have also evaluated the effects
of a non-rigid indentor, which are negligible. For
example, for a perfect plastic material with yield
stress 500 MPa, the H from FE simulation is 1859
MPa for E = 200 GPa indentor and 1855 MPa for
a rigid indentor. Since it is the only other constitu-
tive variable, the non-linearity in the H–rflow is
expected to be due to the variation in rflow/E ratio.
Fig. 3 shows H/rflow as a function of rflow/E (solid
symbols): (a) for E = 200 GPa for various ry using
the same rsh(e) (filled symbols); and, (b) for the
same ry and rsh(e) and E = 50, 100, 200 and
400 GPa (open symbols). A polynominial fit to all
the data yields the expression

H ¼ 4:08ð1þ 1755½rflow=E�2 � 44:1½rflow=E�Þrflow:

ð4Þ
However, for most materials of interest rflow/E is
<0.006, and, fitting the rflow/E versus rflow/E data
in this range is adequately represented by a simple
linear relation in Eq. (3). Note, the expressions for
H as a function rflow can be readily inverted to give
rflow as a function of H.
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4. Comparison with experiment

Coupled tensile and Vickers diamond pyramid
hardness (DPH) tests were carried out on a large
number of alloys with a very diverse range of r(e).
As noted previously, the alloys included: (a)
annealed stainless steel, copper and brass with high
strain hardening; (b) TiNb with low strain harden-
ing rates; (c) unirradiated and irradiated pressure
vessel steels and simple ferritic alloys; (d) pre-
strained alloys; and, (e) a Fe–N alloys with a very
large Luders strain. The rflow = ry + hrshi were
directly assessed based on the experimental
rsh(e) = r(e) � ry data averaged between e = 0 and
0.1, derived from engineering stress strain curves
up to the onset of necking. In cases where the exper-
imental r(e) did not reach e = 0.1, the data were
extrapolated based on the Kocks and Mecking
model [14]. The TiNb was assumed to be perfectly
plastic.

Fig. 4 compares the experimental H–rflow data
pairs to the predictions of Eq. (3). The agreement
is reasonably good, although the experimental rflow

data tend to fall slightly above the prediction line as
shown by the dashed best fit line, that is given by the
expression in consistent units of MPa as

rflow ¼ 1:72� 10�7H 2 þ 0:272H : ð5Þ

The differences between the experimental DPH
based H–rflow curves and that predicted by the FE
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Fig. 4. Pairs of experimental rflow–H data points for a variety of
metals and alloys with a wide range of r(e) compared to the FE
model prediction. The dashed line is a least square fit to the data.
model cannot be understood on the basis of geomet-
ric variations. Note, the predicted curve in Fig. 4 is
for E = 200 MPa (since most of the data is for steels
and iron based alloys), thus it does not fully account
for elastic modulus variations in the experimental
data. However, the differences (�5% at H =
2000 MPa) are small and could arise from minor ef-
fects, such as that due to strain gradient plasticity
[9,10], which are not accounted for in the model.

Indeed, considering the uncertainties in the data,
and simplicity of the model, we believe the agree-
ment between the experimental observations and
the FE based universal H–rflow relation is remark-
ably good.
5. Discussion

The universal master H–rflow relation is some-
what surprising in view of the much larger e-range
created by an indentation as illustrated in Fig. 5.
We do not have a quantitative explanation why
the e-range from 0 to 0.1 is optimal to average a
rflow that correlates with H. However, qualitatively
it is clear from Fig. 5, that the volume of plastically
strained material decreases rapidly with increasing e.
The total plastic work is determined by the volume
weighted plastic work W given by

W ¼
Z Z

rflowðeÞdedV : ð6Þ

This implies that a finite, but limited range of e,
makes the predominant contributions to the net
H. Thus, at this point the universal master H–rflow

relation must be viewed as a useful empirical
approximation. However, it permits a quantitative
Fig. 5. A typical effective strain distribution under the indenter.
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understanding of a number of empirical trends.
These include

1. The large variation in the observed hardness to
yield stress (H/ry) ratios in various alloys is due
to the effects of differences in both hrshi and, to
a lesser extent, the rflow/E ratio. For example,
in the limiting cases of ry = 0 and finite rsh, H/
ry would be infinite. Further, the ratio of H/ry

tends to be higher for alloys with low hrflowi
due to the lower rflow/E.

2. The DH/Dry following irradiation is generally
lower than the unirradiated H/ry, primarily due
to reduction in hrshi, and to a lesser extent the
effect of the higher rflow/E ratio.

In addition, the universal relation allows combin-
ing H and ry measurements from a tensile test to
estimation of strain hardening in alloys with very
low or no uniform tensile strain as:

hrshi ¼ rflow ðfrom HÞ � ry ðfrom a tensile testÞ:
ð7Þ

The universal relation also permits a convenient
method to evaluate r(e) at high e regions by making
H measurements on pre-strained materials. An
effective way to do this is to make hardness trans-
verses across sections of a bent beam that undergoes
stable plastic deformation over a wide range of
effective e. Indeed, such transverses can also provide
information on differences in r(e) for tension versus
compression loading.

6. Concluding remarks

Finite element simulations were carried out for a
wide variety of analytical and experimental r(e) to
derive a universal relation between H and rflow,
given by H � 4.05(1–34.6rflow/E)rflow, where rflow

is the average flow stress between e = 0 and 0.1.
Experimental H–rflow data pairs are in good agree-
ment with the model predictions. The H–rflow rela-
tion provides insight into the large variations in
the H/ry and DH/Dry ratios observed for different
alloys and alloy conditions. Further, combinations
of tensile and hardness tests can be used to estimate
average strain hardening from 0 to 0.1 in irradiated
alloys that have very small uniform tensile strains.
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